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. (Uniqueness of distributional solutions to non-constant coefficient linear wave equations in the space
C° ([0, 7], HY(R™)) N C* ([0,T], L*(R™)).)

Recall that to prove uniqueness of our class of linear wave equations we need to show that the only
distributional solution ® € C° ([0, 7], H*(R™)) N C* ([0, T], L*(R™)) with zero initial data is ® = 0.

Prove that if ® € C° ([0, 7], H*(R™)) N C* ([0, T], L*>(R™)) satisfies

T
/ / D0y, (a*P0py) dzdt =0 for all ¢ € C5° ([0,T),R") (1)
0 n
then ® =0 in [0,7] x R™. (You can follow the outline below.)

(a) Show that the above assumption and the regularity of ® implies that

T
/ 9a® (a*P0g¢)) dudt = 0 (2)
0 R™

holds for all v € H! ([0,T) x R™).
(b) Fix now s € (0,7T) and define the function v : [0,7) x R™ — R by

v(t,x):/ O(r,z)dr for0<t<s andv=0on (s,T) x R".
t

Observe that v € H' ([0,T) x R™) and insert it in (2) as a test function obtaining an estimate
1172 ey (5) + [la® Biv(0, -)050(0, )| L1 (rny < - -
Set now w(t) = fot ®(7)dr to deduce an estimate to which Gronwall’s inequality can be applied.

. Verify the estimates for the expressions denoted by /5 and « in the lecture notes!

. (Ill-posedness of the Cauchy problem for elliptic equations.)

Consider the Cauchy problem for Laplace’s equation, i.e. A¢ = g—;qﬁ + %gf) + ... 6‘9722(;5 =0 on R!t"
1 n
with prescribed Cauchy data ¢(t = 0,2) = f(z) and Or¢(¢t = 0,x) = g(x). Show that:

(a) If f and g are analytic near the origin in R", then an analytic solution exists in small neighbour-
hood of the origin in R**™,

(b) Any classical solution of Au = 0 in an open set U is actually analytic in U. (Feel free to consult a
standard PDE reference (e.g. Evans) if you have not seen this before.) Conclude that the Cauchy
problem cannot be solved outside the analytic class.

(¢) Set m =1 and check that with k € N
1 . .
or(t,x) = = sin(kx) sinh(kt)

is a family of solutions to the Cauchy problem with data ¢(t = 0,z) = 0, 9,¢(t = 0,z) = 1 sin(kx).
Prove that for any T > 0, the following is true: Given any C' > 0 (large) and § > 0 (small), one
can find initial data with [|f|[cir) + lgllco) < & such that sup yxr [¢] > C. Compare and
contrast with the wave equation!



Analysis Review Problems

1. Prove the following interpolation inequality
0 0
1 ey < 1F0%0es oy I (3)

for some C = C(s1, $2,8,n) where 0 < s1 < s < 89, 01 + 02 =1 and 0151 + 0285 = s.
HINT: Use Hélder’s inequality.

2. Prove the following basic version of the Banach Alaoglu theorem: Let (uy) be a bounded sequence in
a Hilbert space H, i.e. |lugx||g < C. Then there exists a subsequence which converges weakly in H.
HINT: Use the following outline

(a) Pick an ONB (ex) and use a diagonal argument to show that for a subsequence of the (uyg),
denoted (u%n)) (arising from a Cantor diagonal argument) we have that

(u er) — vy € R holds for all ey

(b) Show that >~ , |vg|? < co and hence v =, viey, € H.

(¢) Show that u” = o,



